Facilitators’ Guide for PROM/SE Workshop

December 2004: Day 2, Session 1

High School Session

Digging Deeper into the Standards: Algebra

Goals

Participants will identify the important mathematics in a given task, link that mathematics to state/district standards, reflect on how to engage in the task in ways suggested by research on student learning, identify the prior mathematical knowledge needed for the task and the mathematics students would be ready to learn if they were successful. 

This activity is designed to engage participants in conversations about mathematics teaching, learning, and standards. It is not about promoting a specific task for teachers to use with their students. 

Organization

Grade level groups: elementary, middle, or high school. 

This guide is for the high school and/or middle school session.

Task
Farmer Jack – high school educators

This task asks students to pull together key ideas related to linearity - slope as a constant rate of change, the difference between an additive and a multiplicative relationship, the need for a “starting point” to generate an equation that describes the relationship, connections between a symbolic description of a relationship and its graphic representation, and connections among linearity and other mathematical topics. The task can be used at different grade levels with different expectations about solution methods and mathematical understandings.  The problem is open-ended and requires making some assumptions in order to find a solution. (Note: Farmers have indicated that this is a vast underestimation- an 80 acre farm can produce 16,000 bushels in one year.  However, the problem was developed by a student teacher at Michigan State University, and student work was collected using the number 30,000.).  The task exemplifies the importance of generalizing, a key reason for the use of symbols and central in the role of algebra; the ultimate solution is an equation defined by two constraints – a starting point and a rate of change.

Materials Needed

Overhead projector

Flip charts with markers or blank transparences with pens

Copies of the task

Copies of the algebra section of the state standards/benchmarks

Flip chart post its to record strategies

Overhead transparencies for research, reflecting on activity, and relation to indicators/expectations.

Introduction of Task 

Have participants sit at tables in groups of 4 or 6 (depending on the room lay-out and table size)  

Explain that during this session participants are going to work through and discuss a mathematical task for the purpose of experiencing a professional development activity they could use back in their building with their colleagues. The purpose of this professional development model, content task approach, is to engage building educators in deeper conversations about the teaching, learning and meaning of the standards (indicators / expectations).  

Give participants the task, ask them to pair up and allow about 10 to 15 minutes for each pair to find a solution.  You may have to encourage them to make assumptions such as just pick any starting point, but try to get them to do this on their own and see where it takes them.  Push them to think like their students and get them to realize that they have to offer some kind of possible answer. 

Working on the Problem Set

I. The problem and discussion of possible solutions (total about 60 minutes)

At the end of the 15 minutes, have the pairs share at their tables.  Stress that you want them working in pairs; if they work in larger groups, one or two people will dominate the thinking, while others will agree without really understanding what is taking place.  By having the pair’s share, misunderstandings that exist in pairs will usually be discussed and straightened out.  

As participants work, observe the strategies they are using. Most see the change as additive with a constant addend.  Some begin by drawing a straight line, making the connection between a constant increase in production and linearity. Quite often, however, they have problems moving from the graph to a table and abandon the graph. Others work only with the change per year and do not remember they need a total of 30,000 bushels.  You may have to ask some probing questions to help them recognize their error.

Choose groups that have different strategies and either record their idea on an overhead transparency or on a flip chart (or use an Elmo if one is available.)  Post the strategies so that they are available for the discussion on the relationship of this problem to the standards. Have the groups report in an order that begins with basic approaches – usually a guess and test, 

II. Examples of possible strategies

Numerical Approaches

Solution I: ‘Mis-reading the Situation’

	0
	0
	

	1
	3000
	+3000

	2
	6000
	+3000

	3
	9000
	+3000

	4
	12000
	+3000

	5
	15000
	+3000

	6
	18000
	+3000

	7
	21000
	+3000

	8
	24000
	+3000

	9
	27000
	+3000

	10
	30000
	+3000


     Students who do not read carefully miss the fact that the total over the ten-year period has to be 30,000 bushels.  Many have not yet learned that labels matter in keeping track of what you are doing. A student might write: “Assuming after 1 year he has harvested 3000 bushels.  However at year 0, he has no bushels to start off with.  30,000/10 = 3000.  Therefore, increases of 3,000 per year after 10 years make 30,000 bushels.” 

Solution II: ‘Dividing Into Equal Parts

	Year 
	Bushels per year
	Total Bushels of corn

	1
	3000
	3000

	2
	3000
	6000

	3
	3000
	9000

	4
	3000
	12000

	5
	3000
	15000

	6
	3000
	18000

	7
	3000
	21000

	8
	3000
	24000

	9
	3000
	27000

	10
	3000
	30000


Another response is to divide the total number of bushels by ten and create a table that shows a production of 3,000 bushels a year.  Students in this group focus on the total number of bushels and have not quite processed what this means in terms of the rate of change. 

The table indicates a constant production of 3000 bushels per year, but the growth rate is 0, which might not indicate that Farmer Jack is a really good farmer (although as in any contextual situation, students may disagree).   

Solution III: ‘Guessing and Checking’

Some students begin with a guess and check method, showing they understand the constraints of the problem but have a limited sense of how adding accumulates.  The student in the table below fell short of the total of 30000.  The student recognized she could “muddle around” by either increasing the starting amount of 15 or the growth rate to reach a total of 30000 bushels.  

	Year
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Bushels
	15
	385
	755
	1125
	1495
	1865
	2235
	2605
	2975
	3345
	3715


Solution IV: ‘Efficient Guessing and Checking’

Some students are efficient at guessing and checking.

	Year
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Bushels
	300
	900
	1500
	2100
	2700
	3300
	3900
	4500
	5100
	5700


Solution V: ‘Analyzing the Numbers’

	Year
	New Bushels
	Total Bushels

	1
	1
	29,954    29,946

	2
	2
	29,955    29,948

	3
	3
	29,957    29,951

	4
	4
	29,960    29,955

	5
	5
	29,964    29,960

	6
	6
	29,969    29,966

	7
	7
	29,975    29,973

	8
	8
	29, 981   29,981

	9
	9
	29,990    

	10
	10
	30,000


Others, such as the student in this table, analyze the numbers:  “I figured this out by working backwards: I took 30,000 and did –10, -9, -8, and so on. After a few tries, it ended up I started with 29,945.”  A point of discussion here might be whether a growth of one bushel per year is realistic and would it count as showing he was a good farmer.

Attempts to Generalize

Solution VI: ‘Using a Variable’

	Year
	Number of bushels per year
	Total number of bushels

	1
	C
	545.45

	2
	2c
	1636.36

	3
	3c
	3272.72

	4
	4c
	5454.54

	5
	5c
	81.81.81

	6
	6c
	11454.54

	7
	7c
	15272.72

	8
	8c
	19636.36

	9
	9c
	24545.45

	10
	10c
	30000.00


Some students approach the problem using variables to represent the unknown increase.  Quite often this approach is followed by a discussion about whether the initial value should be zero.  Writing out the series as

1c + 2c+3c+4c+5c+6c+7c+8c+9c+10c = 30,000

55c= 30,000

c = 545.45 bushels per year, 

these students produce a table similar to the one shown. Discussion points in this case might be exactly what are chosen as a value of c and issues of rounding. 

Solution VII: ‘Using a Formula’

Other students recognize that the sequence is an arithmetic progression with initial value a and constant growth d and write the formula:  

a+(a+d)+(a+2d)+(a+3d)+(a+4d)+(a+5d)+(a +6d)+ (a +7d)+(a +8d)+(a +9d) = 30000

10a+45d = 30000.

They use this result to determine an initial value and difference, then give one or two tables as examples. 

Different Approaches

Solution VIII: ‘Using An Arithmetic Sequence’

A few students recognize the problem as an arithmetic sequence and recall the relevant formulas.  “Let d be the yearly increase and an be the amount harvested in year n.  Then an+1 = an+d and an = a1 + (n-1)d.   The condition is that the 10 year total harvest is 30000 bushels, thus, S10 = ∑an = 30000 where S10 is the total number of bushels after 10 years.  Now, Sn = (n/2)(a1+an), so S10 = (10/2)(a1+a10) = 5(a1 + a1+ 9d) = 30000. So 2a1+9d = 6000.  Any pair (a,d) where a and d are both greater than 0 will produce a suitable table.  There are an infinite number of tables if you do not restrict the values to be positive integers.” 

Solution IX : ‘Using An Average’

A very few students approach the problem using the concept of average. They may reason, “Because Farmer Jack harvested 30000 bushels over ten years, the average will be 3000 per year.  If he harvested the same amount per year, the table would look like the one below and the graph of the shaded region represents the total harvest. 

	Year 
	Bushels per year

	1
	3000

	2
	3000

	3
	3000

	4
	3000

	5
	3000

	6
	3000

	7
	3000

	8
	3000

	9
	3000

	10
	3000
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Now we know he is a good farmer, and his harvest increases each year, so the table above is not what we want.  If he harvested 2999 each of the first five years and 3001 each of the final 5 years, the average will still be 3000.  Any change made for the first years must be compensated in the other years. If he harvested 2900 in year 5, then he should harvest 3100 in year 6 to maintain the average.  You can build the table so that year 1 and year 10 average to 3000, as do year 2 and year 8.  The table below is an example with a constant difference of 200. 

	Year 
	Bushels per year

	1
	2100

	2
	2300

	3
	2500

	4
	2700

	5
	2900

	6
	3100

	7
	3300

	8
	3500

	9
	3700

	10
	3900
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Solution X: Multiplicative Growth.

A few students make the assumption that the growth is multiplicative not additive, although almost all who do are not quite clear about the formulas and encountered the same problems as those who assumed the growth was additive.  For example, 

Table 12

	Year (t)
	Bushels (A) 

	0
	1000

	1
	1405

	2
	1974.025

	3
	2773.505

	4
	3896.77

	5
	5474.968

	6
	7692.33

	7
	10807.72

	8
	15184.85

	9
	21334.72

	10
	29975.2


“A = P(x)t.  If he started with 1000 bushels, 

30,000 = 1000(x)10
30 = (x)10
x= 1.405

Since the increase is the same each year, the rate of increase, (x) must be the same.  If 1000 is the starting number of bushels and they increased by 1.405, they will eventually get to 30000 bushels.  

I did this wrong because I should have added each year’s harvest to the previous years.  This would have made 30,000 bushels overall.”

III.  REFLECTION ON THE ACTIVITY (about 15 minutes)

A. Comments about the activity: Display the “Reflection on the Activity” transparency and lead a discussion on the participants’ thoughts and reactions to the problem set.

Question: “What does the activity have the potential to reveal about someone’s understanding of linearity?”

Question: “Prior to having students work on this problem set, what would 

teachers and the curriculum need to cover so that students would be capable of answering questions such as these successfully?”  

Question: “What might students (or teachers) find “hard” about the activity? What makes it hard?”

Some teachers are concerned that the problem is too open ended. Some delight in the self monitoring that is necessary as students try and reject strategies while others are concerned about the potential for anxiety due to the unpredictable nature of the solution process.

To scaffold student thinking, teachers may suggest providing tables with each column labeled.  Raise this with the participants and discuss how this may inhibit the way students approach the problem. Some teachers suggest using the problem at the end of a unit on linearity or later and are excited to have discussions about a concept they assume their students should understand quite thoroughly, considering why it is linear, whether it is reasonable to have parts of bushels in the harvest (one group decided the farmer would harvest to the last decimal point), or whether the condition should be actually be considered a Diophantine Equation.  They believe that “Good problems give students the chance to solidify and extend what they know, and when well chosen can stimulate mathematics learning” (NCTM, 2000, p. 52).  Others see this as an opportunity to introduce the concept of constant rate of change and how it relates to a table of values as well as to a graph.  

B. Relating the activity to standards/benchmarks
Display “The Task and Local Curriculum and State Standards/Benchmarks” transparency and lead a discussion on participants’ thoughts and reactions to the following questions.  Display the first two questions and have participants brainstorm; record ideas on flip charts.  Then ask them to examine the indicators/expectations and see how they match their brainstorming.  If you are constrained by time, be sure to address the first questions in depth rather than the last one.

Question: “What are the big mathematical ideas in the task?”

Question: “What are the benchmarks/standards addressed by this task? At what grade level would you expect students to be able to do a comparable task?  What algebra concepts would have to come before this and at what grades?” 


Have participants write down their responses to these questions, discuss these, and then have them study their indicators/expectations. In table groups, have participants review the state guides and identify which indicators/ expectations with the corresponding grade level are addressed in this activity.  Record their findings on transparencies or flip charts. Ask them to look at how their initial responses compare to the indicators/expectations.

Question: “At what grade levels would you expect the different solutions to arise?  

In table groups, have participants discuss the questions, review the state guides, and identify possible standards/benchmarks/indicators. Have groups record their ideas on transparencies or flip chart paper for sharing.

Have groups share their ideas and explain why the group selected the indicators/ expectations they did. 

C. Connecting to Research 

Display transparency on “Research Findings: Algebra”.

Questions: 

“How does the task fit with the research findings?

What implications does the research have for the curriculum related to the task?

Based on research findings, what additional ideas might one want to add to or change for a next unit of study and why?”
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